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SECTION 1

INTRODICTION

1.1 Reason for the Study and Statement of Problem Conditions

The Ballistics Resecarch Laboratory (BRL) has developed an iterative
method to determine ¢.bital parameters. A need exists to have an initial
approximation correct t. approximately 10 per cent. This study has been
undertaken by the Fhilco Wusterr Development Laboratories to determine a
method for finding initial values, Errors of less than 50 to 75 miles
in position, and 1/2 to 1 mile/sec in velocity are specified.
The following conditions were specified for the system:
a. Method: Polystation Doppler
b. Ability: Acquire and track a body to 1000 miles altitude.
¢. Limitations:
(1) No knowledge of vehicle position prior to acquisitiecn
(2) No assumption about the nature of the path
(3) No cooperative equipment aboard the vehicle,
1.2 Scope
An error study was performed to determine the dependence of rms
error in position and velocity on rms error in the observed quantities,
The latter were assumed equal and independent. The error matrix was
calculated for a number of circular orbits passing through points in a
pre-assigned grid.
A mathematical model was constructed for data reduction.
Position-finding consists of a system of fourteen linear equations
solved for approximate values of the position coordinates. These are
then adjusted by the standard least square method to their maximum-
liklihood values. For technique, see flow chart (Fig. 2a)
{ For velocity, the interval immediately following the vehicle's
passage through the grid plane is considered. For this interval, readings
to two statioms are used, in conjunction with the adjusted position
coordinates, to find approximate values of the horizontal and vertical
} velocity components. These are then adjusted to their maximum-liklihood
| values by the use of least squares technique on all four of the readings

available for this interval.

11
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Test cases were designed for the mathematical model using circular
orbits passing through poinrs in a grid in the fan beam's central plane.
The orbi: plane inctlination was varied through several different values
(see Section 4.8 and Fig. 4). For sequence of steps see flow chart,
Fig. 2.

1-2
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SECTION 2

RESULTS AND CONCLUSIONS

The crror study made indicates that the BRL conditions can be met
sy the proposed system. Errors of che order of ten wavelengths can be
toleracted at 300 mc The error study which was performed for circular
orbits, resulted in data which is presented in the form of graphs, some
as curves and some as straight-line graphs

To permit selecrion of optimum beamwidth, errors were studied for
valucs from 8% to 30°  For evaluation of the selecred case, charts are
prescnted for constant beamwidrhs  In order to aid in evaluating a system
afrer beamwidth has been decided upon, graphs of error propagation factors
were plotted holding bzamwidcth constant

2-1
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SECTION 3
RECOMMENDATIONS FOR FUTURE WORK

First in priority for further work would be continuation of the test
case computation for the dats reduction medel. (See Section 6 )

Sncond, 25 a les: major task, a more realistic error calculation for
the special case of minimume-time-in-beam orbits should be done

Third, it would be desirable Lo vary the number of time increments
This might decrcasc the accuracy of the opproximate values determined,
but would improve the leasl squares acjustmencs There is reason to
believe 2 net improvement would result

Fourth, i review of the conditions imposed on the system reveals
that the wost stringent are embodied in the following two assumptions

a  Passaye through the bean's mid plane iv assumed to occur at
migd-time

b Twe of entry into ard exit frow the Inner beam are asaumed known

In the present system it 1s the coordinates of this 'piercing point’
for which the system is solved Unless the vehicle is so cooperative as
to maintain a velocity configuracion and reflection characteristics so that
it actually does picrce the mid-plane at the mid-time between first and
last discernible signals, there is no resson to suppose that this assumption
will hold in an operational system Of coursd, this point is always dis-
cernible if a spilit beam is employed However, in the process of writing
the final report, it was derermined -hat both of thece condztions could be
removed for a fan beam as weil and Lhus permit the solution of the system
for any point on the path of the vebicle as it travels through the beam
Further, it is possible to commence and cease taking readings at will,
rather than having to sssume thot reading commence simultaneously with
entry into the beszm and cease simultaneously with exit from the beam Un-
certain boundry knowledge of the beam renders this techrique questionable
For the sbove reasons, it is strongly suggested that the scope of the
present task be extended to include a thorough investigation of the above

system.

3-1

P H l L C O GOVERNMENT & INDUSTRIAL DIVISION
WESTECRN DEVELOPMENT LABORATORIES

,_.__.__..__.—-—-—-—--—-————-—--——i==============================:‘;========;=====:=:::=::;==========================



WDL-TR1228

SECTION 4
SYSTEM DESCRIPTION

4 1 CGeneral

The Pciystation Doppler Svsiem has the ability to acquire and track

@ wmoving vehicle. A system is caxd to acquire if it can determine the
position of a wody without prior knowledge of its position ox velocity.
A system is said to track if it can find successive points on a vehicle's
path using prior position information A Doppler Polystation System as
used herein refevs to an acquisition and tracking system of more than one
station which jathers only information regarding diminuticn or augmentation
of received cycles due to motion of the vehicle relative to the station
complex

This particular system must be able tc acquire and track any vehicle
up to 1000 .miles in altitude. The region of coverage is 800 miles long
and 1000 miles high, and is limited laterally by the sides of a wedge-
shaped beam.
4.2 Configuration

The system is composed of four receivers and one transmitter, located
aleng an arc of a great circle, with the transmitter at one end of the
array All RF signals are transmitted from the ground, reflected from
the vehicle and received at four ground stations. No equipment is required
abvard the vehicle A compuler Lo reduce dala Lrom Uhe Lracking syslem
is the only other equipment required.
4.3 Operation

A coninuous signal of constant frequency is transmitted from a
ground staticn. This signal is reflected from the vehicle and received
by the several receivers. The time during which signals are received by
all four receivers is the period of observation for coliecting data to
be reduced for position and velocity information. The distance from the
transmitter to the vehicle plus the return to the receiver is defined as
the range-sum.

During this interval a certain number of cycles are received. This

is compared with the number of cycles transmitted in the same

4-1
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time interval  Attormarively, having determinnd the total time of
cbservation » me, d¥.1d, 4 into 1 number of sub-intervals and determine
the cycle count diffcrcnce for these time increments We shall do this in
the followiag way  Take the total time of signal reception  Divide thas
iato fourtcen parts Let the end of the seventh rcading be the reference
point Tl 1ate tne cyele couct diffcrentes recerwved Lo fntervals of
time ending tfor the fi <t valf) or beginping {for the second half) at
this reference time These will be dennted by atj They will represent
the range-som diffcrences between the 1Ch time and the rcference time
ncasured in wavelerprhsy tpaz 13, Ag‘j 1: the 1ncreasc or decrcase in the
range-sums  Ivc difference betweer the Lransmitted cycle count and
received cvele count of the i':h tim¢ and the reference time (v = 0) is
dctexmined by using 2 commop time reference The data is presented to a
computer which solves for vehicle position and velocity  The time at the
center of the totas time of obscrvation 1s dete.mined and position and
velocity for that rime are determincd Knowing this point, positior
coordinates are casily detcrmined for the other times

4 & Systim Synthesis Assumptions and Pefinitions

The cperational rcquirements of this system do not demand any assump-
tions about the ~hape of the carth or its rotation The only requirement
is that the five stations be co-planar  In synthesiziag a system for
Jiscussion in r™1s rcport a spherical eartb was assumed for compu:tational
convenience 1o placing the ground stations along a great circle In the
study of crror as s function of grid pvsition (g-dop), circutar crbits
were chosen because they were sufficiently general to permt reliable con-
clusions to be drawn, yet nol s0 complex as to hamper the study or draw
attention from tbe vtrue purpose. The torm "cycle count” 1s defined as the
number of doppler cycles counted 1n some definite time selected for measure-
ment, as opposed to "frcquency! which usually indicates the number of
cycles in one second

Position is referenced to a right-handed Carresian coord.aate system,
rotating with the eartb, centered at the transmitter, and oriented as
follows. (1) The x-a.ls passes rhrough the transmitter and the last
receiver, positive in the direction of the receiver; {(2) the z-axis lies

in the plane of the stations and passes through the transmitter, positive

6.2
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"upward" relative to the earth; (3) the y-axis is chosen to complete a
right-handed Cartesian system.

Approximate position and velocity data are determined by the solution
of certain condition equations. It is assumed that these values sufficiently
soincide with the true values to warrant a first order approximation. These
-nadjusted solutions ace used as input to the least squares adjustment tech-
nique This does not mean that this is an iterative technique One, and
only one, adjustment in values is made.

The effects of both special and general relativity were studied. 1In
both cases, the effects were folund to be non-existent. Special relativistic
effects are cancelled since the transmitter and receivers do not move relative
to each other The possible introduction cf an effect due to accelerations
of the vehicle relative to the station complex are nullified by assuming that
the energy is veflected from the vehicle in zero time.

General relativistic effects are also non-existent In the proposed
system the stations are all located on the surface of a spherical earth.
Therefore, all stations are at the same gravitational potential. While
this will not be absolutely true for any operational system, nevertheless
the anticipated variation in gravity potential at different station locatioms
would be beyond the precision of measurement ‘n the foreseecable future.

4 5 S8ystem Synthecisg

Having defined the coordinate system, the coordinates of the grou:d
stations may be defined as follows, (1) Successive ground stations are
located so that the differences of their x coordinates are equal. (2) Since
the ground stations lie along a greast circle and the x-axis is defined as a
chord Intersectiug the civcie at the transmitter and the most remote re-
ceiver, the z-coordinates are determined by knowing the radius of the earth,
see Appendix B 4 1 ) The y-coordinates are, of course, zero. Thus,
viewed as points ir the x-z plane, the transmitter is located at (0,0) and
the four receivers at Rl(a,b), R2(2a,c), R3(3a,b), Ra(ha,o). (See Appendix
B.4.1 for derivation of expressions for b,c.) (See Figure 5.) The only

condition required by this system is that the five stations be co-planar

For computational convenience we assume they are located along & great

circle on the surface of a spherical earth.

4-3
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In our case, the x-.coordinate difference referred to in (1) was
taken st 200 miles. The resulting values of z were, respectively, for
the four receiving stations, approximately 15, 20, 15, O miles. Exact
figures are derived in Appendix § & 1., The more accurate figures were
used in all computations in order to preserve consistency with an assuwed
spherical earth of 4000 mile radius.

The directior and beamwidth of transmission and reception creste a
region of observation which is wedge shaped, with the center plane of
symmetry being the &z plane The edge of the outermost wedge is the x-axis,
the inner beam edge being tangent to the sphere at receiver three. (See
Fig 4 » The generating angle of the wedge is the beamwidth.

4 6 Selection of Optimum Beamwidth

To permi+ the selection of an optimum beamwidth, sigma matrices for

position and velocity were calculated for beamwidths of 80, 100. 150, 200,
o o 9% 9, % 9;
257, and 30 . Charts of ==, ==, -= | and == are presented for
% % % Oy

contours of constant altitudes for vorious combinations of horizontal
displacement x, and orbital-plane angle. (See Fig 4 and Figs 6 to 14.)
¢ is the stundard deviation and M is the range-sum difference.

4 7 Error Propagation for Fixed Beamdwidth

Having selected a beamwidth, Figs 15 to 20, showing the behavior of

o] ]
z R . .
==, == , are presented as functions of altitude, holding constant xo

%

{horizontal displacement) and §  Figures 21 to 28 are also presented

®

g o

showing the behavior of Eﬁ-, ;5 , as functions of horizontal displacement
M M

for constant altitude snd §. These charts are for constant beamwidths
and are presented for values of 8° and 15°. By super-imposing on & light
table, many of these 8% to 15° pairs of charts may be compared and inter-

polations performed to find ¢ values for intermediate values of beamwidth

GOVERNMENT & INDUSTRIAL GROUP
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4,8 Statistical Evaluation of the System

In oxder to dcmonstrate the statistical practicability of solving
for position and velocity within the error bounds stipulated, a number
of representative paths were synthetically generated., These paths pass
through the beam at 35 places, intersecting the grid plane (the xz plane)
at angles of 0, 15, 30, 45, 60, 75, 90 degreces at each gril point.* In
order to synthesize a situation representative of operational conditions,
circular orbits were selected which intersected the grid plane at points
defined by distances of 50, 200, 350, 500, and 650 statute miles almng
the x-axis and distances of 150, 300, 450, 600, 750, 900, and 1050 statute
miles along the z-axis. {(See Fig. & ) The data resulting from this
study are presented throughout the text. The equaticns of the model

are included in Appendix B.

% Those for 905 of course, lie in the
grid plane.

b5
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SECTION 5

DATA REDUCTION

Approximate position and velocity data are detexrmined by the solution
of certain condition equations. 1Tt is assumed that these values coincide
sufficiently with the true values to warrant s first order approximation.
This is equivslent to saying that the vdlue of the variance-~covariance
matrix does not change appreciably in the region containing both the
adjusted and true values.

This doe¢ not mean that the mathematical model requires an initial
point or prior knowledge of the vehicle's movement Iv weans that the
wodei only requires that the (as yet unadjusted) sclutions to the model's
equations be sufficiently free from arithmetic error propagation to warrant
the first order spproximations,for it is these unadjusted solutiong that
are usaed as input to the least squares adjustment technique.

It has not been implied that this is an iterative technique. One,
and only one, adjustment in values is made. If the unadjusted vslue is
close enough te the correct values to wsrrant the first order assumptions
made, the adjusted value may be shown to be the maximum-likelihood value

in a least-squares sense

51 WHavelength
In this system wavelength, a. is assumed to be known, since the

transmitter is on the ground.

5 2 Time Duration of Cycle Count

The time of entry is defined as the firgt poini in the beam at which
the vehicle is simultaneously observed by all four receivers We shall
assign as the time of exit from the beam, a point which is symmetric to
the entry point on the opposite side of the grid plane Zero tim. will
be the time of pessage through the grid plane, the centermost plane of the
beam.

5.3 Cycle Count

Information is received in the form of a plot of doppler frequency

in cycles/sec vs time in seconds at each of the four receiver locations

for the full period of time {tin to rout) that the vehicle is in the beam

5-1
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of antenna 2 This may then be incegrated tc yleld total cycles counteu
in any given interval

Alterpatively, cycles may be ccunted directly, thus eliminating
several steps. It may be pogsible to utilize the computer itself as a
ounter  This would be especially attractive since many medern computers
could serve as a self-centained time reference while accepting and pro-
cessing data in real time

5 &4 Staticon Lecatiern

It 1s assumed that the pcsiticn of the receiver stations (X ’Zj) relative

J
to cne another and tc the transmitter are known to the necessary accuracy.
As described earlier (see Section 4, System Description) all results are
relative tc a czcrdirate system moving with the staticns

55 Range-Sum Differcnces frem Cycles Ceounted

The cbserved values of range-sum differences will be referred to

as Mii or Hk and will be determined as feollcws:

Mi 3 {

where ¢ 1is the velccity cf propagation in miles per second and N\ is

¢ G-Bac - x] i=1, . 7

¢ (Mac - g x] i=8, 14

n

i

4
fe—
-
.
o~

the wavelength of the transmitted frequency in miles

When written with a single subscript b& = Mii

fer
and k

i+ 6 (i-1) =1, A
1, 56 1T = 1, 14

’

56 Pcsiticn Determinaticn

5 6 1 Rarge-Sums (Appreximate) From Range-Sum Differences

. . . th
lLet 05 dencte Lhe distance frem the transmitter to the i

vehicle pesiticn to the Jth statioen; 1, , the distance from the
transmitter tc che vehicle position; LFT the di-tance from the ith vehicle

. th

s th .
position tc the j  receaver; (X Zi) the cocrdinates of the j

j’

ground staticen (ncte that the transmitter ig at the origin); and

(xo, zo) the ccordinates ¢f apy peint in the grid plane,

5-2
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%57 Tro Tt iy
i io rxj
Therefore
2 2 2 2
ric ) xl * yi * z1
¢ 2 = (x,- X + ‘2 + (2,-2 2
ij i %y Vi %)
Let
2 2 2
d,”" = X" *1Z,
J ] J
Thep ( . ‘2 . ‘2
iy io” T Tij
end therefore
2 2 _ 2 2
gij « 2 rio °1j + rio =T 2 Xj X, -2 iji +* dj
and so
2Kk, 5222, -20 . 1, =o0..>-d>
ji ji ij "io ij 3

Four equations of this form may be written in determinant form

as followe (ooj ig written as °j for convenience)

012 dlz S T
o' d22 »n %

£ of = o) L 0
ot - daz o X 2,

The 1determinant 1s zero since ZZi column (43 + 2 X, * column

(3) -2 Yo column 2y = column (1}
Now this equation igs valid for any point (Xi’ Yis 250 in
space et
When this is written for the i"" vehicle position,
2 2
H oy *»Myppm =y oyt My X gy
2 2
( -
) + Mi2) dz 0 + Mi2 X2 22
f = 2 2 N =0
1 (o3 + Mi33 d3 Py * Mi3 X3 Z3
2 2 .
(o, + Mo - d, o, * Mib X, Z,
5.1 '
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By subtraction, g = f, -f = 0 which may be written in the

i
form 14
8 = E: ip Uo -8 =0
p=1
(These wili be used as condition equations for the least squares adjustument.)
Where
= = 2 = =
e Us = o Yg = op pp  Up3 = ey
U = &y U = py2 Uo= P1 o3 Uy4 = e3py
= =2 =
Uy = 03 Uy = p, U= fp 0
= - =
U, = o Us = o, U127 05 #3

The solution U U4 of these fourteen "pseudo" linear

OIREE
cquations will be treated as approximations p;z pzo, 930, 940 to the true pj.

5.6.2 Range-Sums to Rectilinear .Grid Coordinates

Using three (say s Oy Q“) out 0of four of che plo, v 940’

the values xoo, zoo and incidentally ro°, may be found by solving

5 o o _,. ¢ _0_ 2 _ 0,2
..Xk xo +ZZk z, 2pk r, (dk) (pk )
. o o _, 0 0 _ 2 0,2
2&1 X +ZZ1 2 Zpl r (dl) (p1 )
2x x %42z 2° 25 %1 %= (42 - (p 92
m O m o P [ m’ fm
For example
2 0?2 o
dk ~(pk) 2, O
2 02 o
d]. '(pl) Zl Ql
2 02 o
o dm - @%1) %n P
N
Xo= S = B
i 2y Py
o
Xy 2 0
o
Xﬁ Zm fn

(It is not suggested Cramexr's rule be applied in actual cases. Modern

matrix inversion techniques almost invariably yield more reliable results.)
5.4

P H ' l. C 0 GOVERNMENT & INDUSTRIAL GROUP
WESTERN DEVELOPMENTY LABCRATORIES



WDL-TR1278

The "best" set O ©1» Pp May be determined by evaluating

the Jacobian, J, of the transfoimation for the C 5. 4 possible combinations

of pl0 Dzo 030 540 3
X 0 az°° oroo l
29.° o5 oy
) ox ° 2z ° or °
- ] °1° 6c1° 0 olo
S A
20° 20’ 20,
For example
X, 2% 1] 20,° !
=N{%X 2z of4 d12~plcz 2, e
>4 Xoo Xm Zm 0 dmz ) IDmo Zm pmo
aako - Y

5.6 3 Residuals
. : . o .
Using approximations X, zoo rather than true values will

cause the condition equations to yield non-zero values Therefore, we

shall define ¢; as the residuel of the ith condition frnction
14
o o, _ o . _ -
g.(x ~, z, ) E: T UJ Bx €, 1 1, 14
j=1
Where

Uj iz evaluated at % = x, 2=z

5 6.4 Least Squares Adjustment

The observed values Mk(k =1, .. 56)and the 2 approximate
parameters xo, 2, will be adjusted to satisfy the conditicn equations

while simultaneously minimizing the sum of the squares of the M adjustments

k

sk; each observation is given equzi weight since Lhe errors in the Mk
were assumed of equal vsriance (see %ec. 7.2 )

5-5
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Consider the 14 condition equations, r,, i=l,.. 14 (see
Section 5.6.1)
Let the column vector of the residuals €; be E
¢
1 38 ?8; 238, %
E= | A= =t |l pe [k 2B}, el
é oM, axo azo ' 5,
| S14 = 14
Let _ _
' X, X
=V be the correction vector of °
Vs X
L o z

The condition equations can be expanded as Taylor series and

retaining only the first powers and constant terms, they become

50 2
hi= Z aik5k+ Z biqvq+ €i=0
k=1 q=1

or in matrix form
A +BV+E=0
Define the sum cf squares to be minimized as s and subtracting

14 zero terms as follows

56 14
. L 2
s = 3 2 Sk -2 Z }‘i hi
% k=1 i=1

wheras the 7\1 are a set of 14 Lagrange multipliers whose

column matrix is A.
To obtain a minimum, differentiate s with respect to Sk and vq

and equate the resulting expressions to zero.

Les . L. . .,
2 a3 02";«} i %ik
M i=1
14

1oes U
2 oy ‘), i “iq

RIS |
5.6
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5] M .
Let v be g drrgorsl mzarrix each element cf which has

the vsaue a‘f

These exprecsiors may be writteo i» macvrix form as

(ool‘5~l‘-r\=0
BL s =0
then o 1 T
5= 13+ " A A and
AS~By +E =0 becomes
A St Al L s aE=0or
-1
v oa® AT Y (gy . Br 20
<1
T
B A Ar. ! (By « E)y =0
therefere . 1
v oob A Attt T ANt g
nat 1

=
u

0B

(n? wmay be a desired output,

then )
V= N §BEIis decermined as the column matrix of the

adjustments and the sdjusted vaiues of %, z sre obtained from

X :y::\;o.tl.)
2

.0 Veizedty Dezerminariin
5.7 1 Definitions and Assumptions

Velocitv, as us™d he.2, i> defined as the average velociry
in the interval at immediately following passage through the beam's
central plane

In rhe determinstion of velocity, it is assumed that the

adjusted values of the position coordinates sre svailable

57
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5 7 2 Conditiru Equations

equations for definicions

i a0
it % [V o
At o 3xX
¢
where
et S S
ox
[ [
op z ©
e R T
az Yo
o
30
As may be seen Fye

adjusted values x_, 2
o’ “o

better results than all others

yield

may be evaluated for each of the

a0
~=B

) ox

J = (AL} o
|

X

o

L) Q
x and z .
0 o)

PHILCO

Refer ¢ Section 5.6.

. o
best results, the Jacobian of the transformation Mp' Mo__, X, 0 2

Where the elements of J are evaluated for x = X, 2=z

components which we view as approximations

WDL-TR1278

1 on position finding condition

rthe four condition equations for velocity are:

[-X¢] 3
% oz
(4]
j=1, 4
¥ « X
T X
'3
0
o %
X
J
£y
and 5;1 are cvaluated for the

of position

0f chese four equations, one particular pairing may yield

To determine which set of two will
)
[¢]

CzA = 6 cases

xe)

-2

az
c

[o]

The solution of this system will yield values of velocity

These will be denoted by

5-8
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5.7 3 Residuals

Define Ej .14 J =1,2,3,4 as follows,
Yoy, B %y
Aot 0o Bx %o 8z P

where p = j + 14

Using approximate values xoo and éoo instead of true values

will cause the ¢ to be non=-zero.
J+ 14

5 7 & Least Square Adjustment

«+ O -0 . .
Let v. v enote t and
2 Vs denote the adjustments to Xy z, nd x., 2

the adjusted values It is assumed that the adjusted values X, and z,
used are error-less

. s 0 )
To find the corrections to xo Jand zo we evaluate

a
-1 (f xx %z
3 =
o a_:

22X 22

as in section 7 3 and the matrix

apl . 804
dx_ 3%
o 0
Then
E)Ql ap[‘
dz_ 2z
o
vx Oxx Xz EEL .. 98, €15
v. =@30? ce g dx%, ox )
A O2x z2 ap 20
1 ...°%% €
22 dz 18
o
and so X X ° v*
= % + o
z z v,
o z
()
5-9
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SECTION €
TIEST CASE FOR DATA REDUCTION MODEL

&€ 1 Feasibility Study

In crder te chew the feasibility of the data redusticn methed de
seribed in so<tion 3 o uypicsl case was gelected for simulation on &
semputsr Thrs work was in progress st the terminazion cf tha zoatrace
The fcllcwing is > Feccrirtisn of the priposed test rase, (see flow chare,
Frpurz 3) At the tima of cessztior 2f werk, the matrix involved in
prefition finding b:d oct been 1nverted It cresesntly developed that this
was due te tatqulzticp of erromesus coeffizients A delay caused by che
unaviilabilicy -~ £ the computer znd subsequent funds shercages 2id nct
permit th: simulacicn of the typicsl ~2¢2 te be resumed. As mzncicned in
Secticn 3, it 1: hepad char zn extensien in scepe of the presaat werk may
permit us te pursue this invescigaticn

Synchetic dec2 was gevarated f~r the minimum bezm wideh cf 8% and
xc=&00, :C=LSO. 0:75C, and 2 sirculzr crbit using the mecheds cf Appendix
B Az 1n a» actual cése, an appreximare pesitizn was to have been found,

then adjecred 8e: fzrtion 5 feor tezhnique

oy

i
In the czlcuiaticn of the prsition variance-covariance matrix for
the least souares adjustment of position in the test casze, the zpproximate
values cf X, 4nd z_ “re used rather than the true grid point cecrdinates
This is dc-¢ to simulate most cicsely cperational cenditions  For velocity,
we precceed 2¢ fcllcwe  Using the zorrected values of X, and Z,» xoo and
 are fourd, and these are then cerrzcted using least squares as before

Zs
(See secticn 5)
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SECTION 7
ERROR FROPAGATION STLDY

7 1 Generxt Discussicn

Ihis sectiop wescribes the merhod ueed in the preparstion of the
~fq curves  {Thera 1<, therefere, sone duplication between this section
oud the discussior o1l least squive~ ir Section 5, Data Reduction.y To
pernit the selecticn ot an cptimum beanwidrh, the position error matrix,
N“l. ond the velocity errar matrix, 5’1. were caleulated for beamwidths
of 8% ond 1015 3¢°

711 Resuats

e~ - - - .

. ¢ ?.
Chartw of =%, 75 ; :5 » =% ve begmwidth as abeissa are
S -

presented for contours of constant sitituds, Z for various combinaticns
ot horizont»] di-placencat x aud circular orbit inclinaticr (Figures
6 to la

Having selected a beamwidth, line charts showing the behavior
8] ™~
£ -2 | are presented zs functions of altitude (zc), holding Xy

G,
M ™

of

and U constaul tsece Figures I35 to 20. Charts are also presented showing

o, ", ", 7
. X * N . :
the behavior of =, :5 y T ;5 . 8% 2 function of horizontal displace-
B Y S B

ment (xo), for constact altitude :zov. and for orbit planz angle 10}
(>ee Appendrx C ror complete list of Figures

712 Deravstiop
The veriance-covariance msotrix among the set of variables
Ml, M is 2z eymmetrical square array whose elements are the expected

56
values oi the cros« products of the errors in the M s

"M Mys B Cad oAl
T L = Jod Ty
" UM, MM,
J, 'l
Moghy MseMse |

7-1
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_ 27 2 . . i
UMiMi_ =E [(A Mi) ]— O is the variance., The potatimn

omr arises from considering the column matrix of the Mi; thus
T

= = e by
MM Ml [Ml Cavrens MSG] MlM]. Veeas Ml 155

. )
.

M | Msety........ Mse'lse

Suppose that yj (j = 1,2)are a set of variables which
are functions of Nk

o
then 56 oy
I N ]
8% 7 ), BE aMy
i=l
M
And ay. . M
= ik} el 3
A yJ Ayl ( Z M, AMi)(Z M AMq)
i
= =1
M M 3{3 oY, N
= Z 5N, M AMi AMq and taking
izt ¢=1 0+ 19
expected values
M M
s - Wy
V5% aM, oM MM
i g 24 ta
then 2Y. i ay. 1 T
= — = —J)
gyt [a M, J p” [a M, :‘

Let the x and z coordinates of the grid point be denoted by

X, and Zy» respectively. ALL FUNCTIONS OF x AND z IN THIS SECTION WILL

BE TREATED AS THOUGH EVALUATED AT x = Xy 222, X = >'<o, z = éo. Note
for actual solution (including the test case) : to adjust the approximate

o o <0 *o0
values, X, 2y and Xy 2o by the use of lecast squares methods, the

variance ~covariance matrix is calculated for these approximate values.

7-2
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The values oi the parameters for which g/¢ matrices are

calculated as

X, = 50(15030650 statute miles
z, = 150(150)1050 stacute miles
¢ = 0(1590°

beamwidth = b w = 8°, 10(5)20°

(For ¢ = Oo,the first run showed values of ¢/5 which are
probably the square of the true values h This is due to the symmetry
of this case which causes readings on the two sides of the central piane
to be equal This effectively reduces the zmount of information by oune-
half and also diminishes the number of condition equations by one-half.
It was intended that this case be re-run with a more irregulsr scale, but
it was not possible to do so in the time remaining.)
Assumptions
1 Covariances ¢ of the observed quantities M

™
qp

1 Mg

are zero for p # q
2
2  variances %y “ of the observed quantities sre
p
cqual for all p and will be denoted by GMZ.
3 One observation is¢ made for each of the quantities

M
L  Fourteen condition equations are used for poszition.
5 Four condition equations are uged for veloeity.

6 Second order terms in the Taylor expangion of the

condition equations (written as residualsymay be ignored

7. The variance-covarisnce matrix remains approxi-
mately constant in ¥ -ons containing both the approximate and adjusted

values.

(1) This hypothesis is made on the basis of a study of the trend in be-
havior of /o as ¢ varies from 75° to 15°. Extrapolation seems to in-
dicate a good fit for ¢ = 0 for the square root of the values for the
symmetric case
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7.2 Position Derivations

The condition equations are

iy () - { = 4
A A =8; (Mij, Xy zo) €; i 1, ... 1
€
Let E = Il

o
14

" T N 14 k=1 56

A= "aik " = II Q—q 1 =1, .. ) v

Note: CI # 0 only for k = j + & (i-1)

j=1, 14 i=1, 14
L (i (D
S 2 (p5 + Mij) Ajl + Aj2
where
J =k -4 (i-1) and Ai;‘ is the thh cofactor (signed minorjof
the determinant )
] W2 2
\;1 + Mil’ ~d1 pl + Mil X1 Z1
2 2
N -
(i (Cz + ALZ‘) d2 o, + MiZ X2 Zz
A= 5 5
(03 ¥ ¥i3) =dy” eyt Xy oz,
2 2
(e, *+ Mia’ 'da f F Mi4 Xa ZA
Let 3¢ o¢
B = ‘)_ = ” —.L —
iq ax dz
4 |
€ e
- °%%i % z % Py
. 9o, o% L. P05  Jz
j=1 ] j=1
Let a¥y i=1, .. 14
C = CIJI—"%—: J:l’ o b
J
. 2
J % oz
7-4
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Then
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. S0 ()
¢y = 2 (pj M0 AT+ AD
i ) _ ,(0)
2 pj Ajl Aj2 ,
and
D= |d =a d
E R K
x-X, z2 -2,
r s oz +__“ll]
r r r,
) i o J
ji=1, ... 4
Note that (ro)2 = (x)2 + (z)2
2 2 2
ro° o= (x - X, -2,
(J; (X _]) +(Z _])
Then B = CD
Let oo be o diagonal matrix each element of which has the value

In our case we assume the g g

S %t T O
Then let H = B. (A ¢° A
T. -
=gt (A A0 L
and let N =H B
~1 %xx oxz
then N~ =
GZX OZZ
Velocity Derivations
The condition equations are
M, . . .
i oL P,
At 0 ox o dz
i=1,
7~5

PHILCO

2 are all equal and set = 1.

p=j+ 14
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where
= M\ i
M8j dk with
and where
ap P
—i and _—i
X 8z
Let Av = velocity
Then \ o
rj A
= 0
Let Bv = Bvelocity
3p
= . =P
Then bp1 3%
?
b = - —EE
p2 dz
st - [ B T
v
i g..
B XX
| ax
The curves for —=
Oy

(see Figures 6abed to l4abcd), when plotted vs beamwidth,

o ' o Kl
M M

value of k is 10 times the sigma ratio evaluated for b.w.

PHILCO

b.w ).

WDL-TR1278

k=28 + j
- are =zvaluated for the adjusted EN and zo.
r=1, ... 4
Q€
=lla_, L j=1, ... 4
rj BMSJ
p=1+ 14
for r = j
for v # j
9 30,
b ="—pl?- -
rq 99X oz
r=1, . b
q=1, 2
=j+ 14
(A AT)’IB] -1
v v v
"le
fe 1)
2z
and ;E are straight lines on log log paper,
M
and so
It turns out that in all cases n = -1 and the
= 10°.

7-6
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APPENDIX A

NOTATION
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AFPENDIX A
NOTATION

x horizontal dimension coordinate

04 transverse horizontal dimension coordinate
2z vertical dimension coordinate

X, % coordinate of grid point

z, z coordinate of grid poipt

t time parameter
At duration of sivgle time increment At

i vehicle path point index (reading index)

Jj station index

8; condition equatior functions
A least squares matrix

E() expected value of ()

E; residuals
Hij’Mk’Aij or Ak range sun1giffe{?$cesc0frespogding to'the jth

reading at the 10 station, k=4(i-1)+j

Rl""’R4 receivers
T transmitter
@ orbital plare inclination angle
¥ beamwidth

pij range-sum, i e distancstransmitter-vehicle-ground.

2 .

<’ % variance
oxz covariance

pj range sums to grid point

x; %x coordinate of the irh path-point

Y4 y coordinate of the ith path-point

z; z coordinate of the ith path-point
xo,zo,ko, 20 adjusted values of unknowns

A-l
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x% 2° x° 2° oximate values of x , =z, X, 2

o' “ %o % appr ¥or oy Ko Py
Vs Vs Ves Vs adjustments for x °, 2%, % °, 2 ° to obtain x 2, X,
x’ V2 V% Vi o () o o 0’%® "o’
Qij observed total cycle counts,

Units lengths: miles (statute)
time: seconds
angles: degrees
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APPENDIX B

GENERATION OF SYNTHETIC ORBIT DATA
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B 3 Sclection of Peried of Cyecle Count

Time of entry is artificially determined by incrementing time
until an orbit point is fcund which lies incide the inner beam. ( A
point at which the vehicle is acquired by all receivers.) This will not,
evcept in wost uvnutual ¢z.es, be the actual time cf entry.
B 31 Coslcuiation: of at for 8 - 0 (15) 75°
Caiculate
tR+h = [ (xc . 23)2 + (z0 . b')2 ] 1/2

Sl xa0”
Y R h 32
R
. . ~ +
tc _ l cin 1 (Zo c* tan vy
- w (R + hY coc @
! o= et L. A (in this case A = .2 sec)

Determine the smallest s such that
B T 3
y ‘t7r £ [z (v -c ] (tan y
where

y t) = (R + b, cos @ sin ot

z ‘¢, = b+ (xo—Za. sin ¢ sin ot + (-b'+ 7,) €os ot
Let s
ot =t /17
Let
t; = (i-8, At 1 <i g7
= (17 A 8 <i <14
=0 i=0
B 32 cglculation of Ac for § = 903

For each of the 7 czets

n

X

= 400 miles § = 90°

z 150715031050 miles

o]
Calculate 'R + by = [ (xc-Zat2 + (zo - b')2 J 1/2

B-2
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B 4 Orbit Generstion Egquations

B 41 Fosition
Given "a" ond a-:uming 2 vonslant earth radius R to each of the

five staticns \ ( \
e 2? > z N
h = (Rz *d‘/XI- K "c":/‘"lz

¢ = (RZ a” ) - (Rz (2a0° ) /2
/
See Figure 5

Compute 4% valuves 1 = 0, 14

X,

i
2

iy *b' + 2z . osin @ sin e, + {x -25 cof t,
o ¢ hatf o <7 Wy

n

Yy (R+~h cos @ sin ¢ L

N
n

Y+ orx sZa si s t, = (~b' + 2z cos w t,
b X 22 o ¢ sin o : {-b z) €08 @ b
B &2 Velocity

Ccmpurz the tuwe values

X =  i:b"#+ 2z 5in ¢
o ¢

z = 4 »_ - Za, ¢in @
c o

where ¥ = %X(x_, Z_:
[ c

B 5 Generstion of Range Sums

Let %4 dencte range-sum  Comrure the 56 vaiues

o<l 1gjz¢6
o = ‘.2*v2~z4l1/2_‘_[—‘x LI
ij i 1 J R 3 1
T 172
*fz‘z.:ZJ"‘
LN
33
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Computs the 5 valaes

Fo2 *lin .
ro = X, T % ] (xo, 0, zo) is & grid point

f——
[+]

2
rjc [(xo Xj) +(z°-ZJ) ] 1<€)<4

B & Range Sum_Difference

Let
e S T R Y

B v 1 Irtrodu:ztion of Errcr_.vrto "[rue'” Range-Sum Di ffersnces

Tn ¢ier to simulate reaiistic conditions, errors in
Aij miv be introducea  Ttis 1:5 usu2ally done either by means of fixed
bias errors or random errer generation

In any case let

i =+ error,

ij 14 i}

Ir rhe error iess czse, ol course,

GOVERNMENT & INDUSTRIAL GROUP
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APEENDIX C

{LLUSTRAT IONS
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APPENDIX C

LIST OF ILLUSTRATIONS

Fipure Number Title
! Flow Chart: Synthetic Data Generation

2a Flow Chart. Data Reduction - Position
2b Flow Chart- Data Reduction - Velocity
3 Flow Chart' Test Case

4 Beam Configuration

5

Station Configuration

¢, 06 0 O
Gabed to léabed A plot of —3, -E, —5, =% ys Beamwidth for fixed x and g,
% % " %

for constant contours of z.

¢ o
15ab to 20ab A plot of EE, EE’ vs z for fixed x and Peanwideh, for
M M

constant contours of {§

o) o]

2lab to 28ab A plot of 35, ;E, vs x for fixed Beamwidth and ¢, for
M M

constant ccntours of z

Q
Q

29ab to 34 ab A plot o

rn

35abed’ A plot of =%, -2 £ -2 s, for fixed x and ¢, for
M M

constant contours jndependent of Beamwidth.
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STATION CONFIGURATION

Rl(a,b)

PHILCO

FIGURE 5
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